We consider the Hamiltonian for a charged particle in a harmonic potential in the presence of a magnetic field. The most symmetric case depends on one parameter, the variation of which leads from a spectrum bounded from below to an unbounded spectrum. At the transition point the spectrum is bounded from below but each eigenvalue has infinite multiplicity. The algebraic method proves to be a remarkable tool for the analysis of this quadratic Hamiltonian.
Introduction
The operator S B = (−id/dx 1 − Bx 2 /2) 2 + (−id/dx 2 + Bx 1 /2) 2 has received attention because of its role in superconductivity theory [1] . It has a self-adjoint realization and its spectrum E k = (2k + 1)|B|, k = 0, 1, . . ., is not discrete because each eigenvalue has infinite multiplicity [2] . A closely related model has been chosen to study the dynamics of a charged particle in a quadratic potential in the presence of a uniform magnetic field [3, 4] . Both models are particular examples of linear operators that are quadratic functions of coordinates and momenta.
In a series of papers, it was shown that the algebraic method [5] is one of the simplest and most straightforward ways of studying quadratic Hamiltonians [6] [7] [8] [9] [10] . This approached is based on the fact that the regular or adjoint matrix representation of the Hamiltonian operator in the basis set of coordinates and momenta provides essential information about the spectrum of the operator. Such matrix representation appears in the treatment of the dynamics of quadratic Hamiltonians [3, 4, 9, 11] .
The purpose of this paper is the application of the algebraic method to the most symmetric form of the Hamiltonian that describes a charged particle in a quadratic potential in the presence of a uniform magnetic field. By a continuous deformation of this Hamiltonian through a suitable model parameter it becomes S B and the spectrum changes dramatically. We show that the algebraic method is a most useful tool for the description of such phase transition in the spectrum of the operator.
In section 2 we briefly describe the algebraic method, in section 3 we apply it to the chosen model and in section 4 we summarize the main results and draw conclusions.
The algebraic method
In this section we outline the algebraic method discussed in previous papers [6] [7] [8] [9] [10] . The model discussed in section 3 is a particular case of a quadratic
Hamiltonian of the form
where
and [x m , x n ] = [p m , p n ] = 0. Here we restrict ourselves to the case of Hermitian operators H † = H but the approach applies also to non-Hermitian ones [10] .
The algebraic method is particularly useful for the analysis of the spectrum of H because it satisfies the commutation relations
For this reason it is possible to obtain an operator of the form
such that
The operator Z is important for our purposes because if |ψ is an eigenvector of H with eigenvalue E then Z |ψ is eigenvector of H with eigenvalue E + λ:
It follows from equations (2), (3) and (4) that
where H is a 2K × 2K matrix with elements H ij , I is the 2K × 2K identity matrix and C is a 2K × 1 column matrix with elements c i . There are nontrivial solutions for all values of λ that are roots of the characteristic polynomial p(λ) = det(H − λI). H is called the adjoint or regular matrix representation of H in the operator basis set
. This matrix is closely related to the fundamental matrix that proved to be useful in determining the conditions under which a PT-symmetric elliptic quadratic differential operator with real spectrum is similar to a self-adjoint operator [12] .
In the case of an Hermitian operator we expect all the roots
of the characteristic polynomial p(λ) to be real. These roots are obviously the natural frequencies of the quantum-mechanical system (the actual quantummechanical frequencies being linear combinations of them). It follows from equation (4) that
where Z † is a linear combination like (3) with coefficients c * i . This equation tells us that if λ is a real root of p(λ) = 0, then −λ is also a root. Obviously, Z and Z † are a pair of annihilation-creation or ladder operators because, in addition to (5), we also have
If A is a quadratic Hermitian operator that satisfies
then it follows from the Jacobi identity
that
where A is the adjoint matrix representation for A.
The model
The starting point is the quadratic Hamiltonian
with the customary commutation relations [
ihδ jk . The case m 1 = m 2 = m was considered to be a simple model for a particle in a rotating anisotropic harmonic trap or a charged particle in a fixed harmonic potential in a magnetic field [3, 4] .
We can reduce the number of free parameters by means of the change of
4
The resulting dimensionless Hamiltonian
has just three free parameters instead of the original five.
The dynamics of this model was studied in terms of two parameters (k x /ω 2 and k y /ω 2 ) in the case µ = 1 [3, 4] . Here we just consider the most symmetric case µ = k = 1 in order to reduce the number of free parameters to a minimum.
Our dimensionless Hamiltonian will be
This operator is parity-invariant: P HP = H, P (x, y, p x , p y ) → (−x, −y, −p x , −p y ), and the unitary transformation
The matrix representation of the Hamiltonian (15) is
The four eigenvalues of H,
associated to the operators
respectively. Note that, first, The ground-state eigenvalue and eigenfunction are E 00 = 2,
Since ψ 00 is annihilated by Z 1 and Z 3 then Z 2 and Z 4 are the creation (raising)
operators. When |b| < 2 the spectrum is bounded from below because λ 2 > 0 and λ 4 > 0. On the other hand, if |b| > 2 the spectrum is unbounded. In fact, the spectrum is given by
and the unnormalized eigenfunctions are
At b = 2 there is a phase transition between bounded-from-below and unbounded discrete spectrum. Therefore, the critical point b = 2 appears to be interesting. At this point the eigenvalues λ 2 and λ 3 coalesce (λ 2 = λ 3 = 0), however the eigenvalues remain real in all the range of values of the parameter b. Other problems studied earlier exhibit exceptional points at which two real eigenvalues coalesce and become a pair of complex conjugate numbers [6] [7] [8] [9] [10] .
At an exceptional point the adjoint matrix becomes defective and some eigenvectors disappear; that is to say: some ladder operators disappear. The present case is different as shown below.
When b = 2 the Hamiltonian operator becomes
that is exactly the operator S B discussed in the introduction for B = 2. Since 
The ladder operators Z i are independent of b because H, H 0 and L z commute. Therefore, their matrix representations H, H 0 and L z also commute as shown in general by equation (11) . For this reason there is a set of eigenvectors common to the three matrices which is reflected in the commutation relations
from which it follows that
These equations clearly explain the results obtained above.
Conclusions
In this paper we want to draw attention to the symmetric version of the model for a charged particle in a quadratic potential in the presence of a uniform magnetic field [3, 4] because by suitable deformation it becomes the differential operator S B discussed by other authors [1, 2] . In terms of the only independent model parameter b the spectrum changes from being bounded from below (|b| < 2) to being unbounded (|b| > 2). The phase transition takes place at b = 2 where H(b = 2) = S B (B = 2) and the spectrum is bounded from below but each eigenvalue has infinite multiplicity [2] .
Another purpose of this paper is to show that the algebraic method is a simple and efficient tool for the analysis of the spectra of quadratic Hamiltonians.
Note that all the results derived in the preceding section follow from the eigenvalues and eigenvectors of the regular or adjoint matrix representation of the Hamiltonian operator in the basis set of coordinates and momenta operators.
